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ABSTRACT 
In this paper we give a general method to construct averaging operators from which we obtain al- 
most all known methods to obtain injective spaces of type C(K). From this point of view, some 
known constructions are better understood and they can be easily generalized and simplified, and 
we also obtain some new examples of injective spaces that have not been considered before. 
INTRODUCTION 
A Banach space X is injective if every bounded linear operator from a subspace 
of a Banach space into X can be extended to a bounded linear operator on the 
whole space. Goodner [7] introduced a family of Banach spaces coinciding with 
the family of injective spaces: for any X > 1, a Banach space X is a PA-space if, 
whenever X is isometrically embedded in another Banach space, there is a 
projection onto the image of X with norm not larger than X. A Banach space is 
injective if and only if it is a PA-space for some X > 1. The class of Pi-spaces is 
characterized: a Banach space is a Pi-space if and only if it is isometrically 
isomorphic to a space C(K) with K compact extremally disconnected. 
One of the problems appearing in the study of injective spaces of type C(K) is 
the lack of examples. It seems that the known methods for constructing such 
spaces are very far from the situation described by the general theory. The 
spaces K such that C(K) is a PA-space can be characterized as those spaces 
whose Gleason map has an averaging operator. Here we give a general scheme 
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to construct averaging operators from which we can obtain all known injective 
spaces of type C(K) as well as many new examples. So the likeness between 
them is explained, their structure becomes clearer and we can easily construct 
injective spaces with desired characteristics. 
Among other applications we solve in the negative the following question 
posed by Wolfe in ([lo], Prob. 4.2): 
Suppose q5 : S -+ T be a Gleason map and C(T) is a PA-space. Must 4-l ( TA) be 
extremally disconnected? 
( TA is the Amir boundary of T, cf. Preliminaries.) 
Wolfe proved that this is true when the space T satisfies the countable chain 
condition. ([lo], Prop. 2.1). 
1. PRELIMINARIES 
All topological spaces considered here are assumed to be compact Hausdorfs 
spaces. If S is a space, we denote by C(S) the Banach space of all real valued 
continuous functions on S with the supremum norm. Given a continuous onto 
map # : S + T, recall that an averaging operator for # is a continuous linear 
operator 24 : C(S) + C(T) such that u(f o 4) = f for eachf E C(T). The map 
4 induces an isometric embedding @ : C(T) -+ C(S) given by F(f) = f o c+b 
and it is clear that the existence of an averaging operator u for 4 is equivalent o 
the existence of a continuous linear projection P : C(S) -+ @‘(C(T)). If P is the 
projection associated to u it holds that 11 P (1 = 11 u 11. Note that @‘(C(T)) is the 
space of all continuous functions on S that are constant on the fibers of 4 (i.e. 
the sets 4-‘(t) with t E 2”). 
A space S is said to be extremally disconnected (resp. basically disconnected) 
if the closure of every open (resp. open PO) subset of S is open. 
A continuous onto map 4 : S --+ T is said to be irreducible if 4(C) # T for 
each proper closed subset C of S. For each space T there exists a unique (up to 
homeomorphism) extremally disconnected space S such that there exists an ir- 
reducible map 4 : S ---f T. This space is called the Gleason space of S and 4 is 
the Gleason map (see [6]). 
The spaces K such that C(K) is injective can be characterized as those spaces 
whose Gleason map has an averaging operator. More exactly, C(K) is a 
PA-space if and only if the Gleason map of K has an averaging operator of 
norm 5 X. For brevity we shall also say in this case that K is a PA-space. No 
confusion can arise. We say that a PA-space is exact if it is not a P,-space for 
any p < X. 
We define the Amir boundary of a space K, which will be denoted KA, as the 
complement of the union of all open extremally disconnected subspaces of K. If 
K is a PA-space, then KA is a nowhere dense set (see [l]) and it contains the set of 
plural points for the Gleason map of K as a dense subset (a point is said to be 
plural for a map if its fiber has more than one point) ([lo], Lemma 2.3). 
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2. THE GENERAL CONSTRUCTION 
We start with a space S with two disjoint closed subsets Di and 02 such that 
there exist continuous maps 4i : Di + D onto a space D. Let T be the quotient 
space that results of identifying in S the points of D1 U D2 with the same image 
by the maps 4;. Let 4 : S + T be the quotient map. We also suppose that there 
exist norm one linear extension operators Ei : C(Di) --+ C(S) and averaging 
operators ui : C(Di) -+ C(D) for the maps 4i. 
We shall show how to construct some averaging operators for 4 under these 
hypotheses. In many particular cases some of them will be removed. 
Let (Y be a real number 0 5 o 2 1. Let h E C(S) be such that h(S) c [0, 11, 
h(D1) = 0 and h(D2) = 1. Consider the sets Ui = {s E S : h(s) < 2/3} and 
I!& = {s E S : h(s) > l/3}, which are closed and cover S. 
Since D1 and U2 are closed disjoint sets, there exists a function q E C(S) 
such that q(S) c [0, l],q(D~) = 1 and q( U2) = 0. Multiplying the operator Et 
by the function q we obtain a new norm one extension operator (which we also 
call El) with the additional property that El (f)l u, = 0 for each function 
f E C(Dl). We can also assume that E2(f)lU, = 0 for each functionf E C(D2). 
Define a projection Pa : C(S) + C(T) by 
Pn(f)lu, =.flw - Wflo, - w(fl~,) - (1 - +2(f1~,) ob), 
~a(&, ‘flu2 - E2(floz - (1 - 4~2&>) - audfb,) O 42)~ 
where pi andPI are the projections associated to the averaging operators ui and 
u2. 
It can be easily checked that for each f E C(S) the functions Pcl(f)lu, for 
i = 1,2 are continuous and they coincide on CT, n U2. Hence the function Pa(f) 
is well defined and it is continuous on T. Moreover, Pa(f) is constant on each 
fiber of 4, since if t E DI U D2 then 
and this depends only on the value of 4(t). 
In particular, iffis constant on the fibers of 4 we have P,(f)(t) =f(t), and 
since P, is clearly linear, we have that it is a projection from C(S) onto 
@(C(T)). 
Now take a point s E S. Then 
IPm(s)l L llfll + llfll + 4l~lllllfll + (1 - a)lluzllllfll 
= (4blII + (1 - Q)lIU2ll +2)l(fll, 
so P, is continuous and lIPaIl 5 allulI( + (1 - a)llu211 + 2. 
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3. FIRST APPLICATIONS 
As a first particular case of this construction, we can state the following theo- 
rem: 
Theorem 1. Let S be a space with two disjoint closed subsets DI and 02 such that 
there exist a continuous onto map $ : D1 -+ D2 and a norm one linear extension 
operator E : C(Dl) 4 C(S). Let Tbe the space obtainedfrom S by identifying the 
points of D1 with their images by Q in D2. Let I$ : S -+ T be the quotient map. Then 
there exists an averaging operator u for $I such that 11 u (1 5 3. 
Proof. Take D = D2,41 = $, 42 = the identity map on D2,2.42 = the identity 
operator on C(D2) and observe that the definition of the projection PO in the 
general construction is 
f'o(& =flu, -E2& -~2(fIbJ) =fls, 
and so we see that neither the extension operator E2 nor the averaging operator 
ui appear. We have 11 PO )I I: 11 u2 (( + 2 = 3. 0 
From this theorem we can obtain the spaces resulting from the identification of 
n disjoint homeomorphic closed subsets in ([8], Prop. 4) and the spaces that are 
called elementary quotients in ([ 111, page 126), which include every PA-space for 
X < 3 satisfying the countable chain condition. 
The above result also provides an answer to the Wolfe’s question considered 
in the introduction. We shall use the following lemma, which is essentially due 
to Wolfe ([Ill, page 134). 
We denote by ,0X the Stone-Tech compactification of the completely regular 
Hausdorff space X. N will be the set of natural numbers endowed with the dis- 
crete topology. 
Lemma 2. If G is an extremally disconnected space, there exists an extremally 
disconnected space S containing a nowhere dense retract homeomorphic to G. 
Proof. Let S = ,B(G x N). Let h : S + G the continuous extension of the pro- 
jection of G x IN onto G. If x E G then the closure FX of {x} xlN in S is home- 
omorphic to PlN, so we can take a point u E FX \ ({x} x N). Clearly we have 
that h(u) = x and u E S \ (G x N). This proves that h(S \ (G x IN)) = G. 
Since G x lN is open in S, by [6] there exists a compact set G* c S \ (G x N) 
such that the restriction of h to G* is irreducible. Since G is extremally dis- 
connected hi,, : G* + G is a homeomorphism and r = (h/o,)-’ oh : S --f G’ is 
clearly a retraction. 
Since G x lN is an open dense subset of S, we have that G’ is nowhere 
dense. 0 
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Remark. We are going to use this lemma for embedding two extremally dis- 
connected spaces as disjoint nowhere dense retracts of another one. This can be 
done applying the lemma separately for each space and taking the topological 
sum of the obtained spaces. 
Example. There exists a PJ-space Tsuch that thepreimage of the Amir boundary 
TA for the Gleason map is not basically disconnected (and hence not extremally 
disconnected). 
Proof. Let G be the Gleason space of @N \ IN. By Lemma 2 there exists an 
extremally disconnected space S containing G and PN as disjoint closed no- 
where dense retracts. We apply Theorem 1 to D1 = G, 02 = BIN \ IN, and 
$ : D1 + D2 the Gleason map. Then the resulting map 4 : S --f T is irreducible 
and T is a Pj-space whose Amir boundary (in this case the set of plural points) 
is homeomorphic to PlN \ N and its preimage by d, is D1 U D2, which is not ba- 
sically disconnected. q 
The second case of the general construction is the following 
Theorem 3. Let S be a space with two disjoint closed subsets D1 and 02 such that 
there exist continuous maps 4 : D1 -+ D to a space D and suppose that 41 is onto. 
Let T be the quotient space obtained by identifying the points in D1 U D2 with 
the same image in D. Let 4 : S -+ T be the quotient map. If there exist norm one 
linear extension operators Et : C(Di) --f C(S) and an averaging operator 
u : C(Dl) -+ C(D) for 41, then there exists an averaging operator vfor 4such that 
II li II 5 II u II + 2. 
Proof. Take cy = 1 in the previous construction. The definition of the projec- 
tion PI reduces to 
Pl(f)lu, =flu, _El(fl,, -P1(flp,)), 
P,(f)lU2 =fla, - Ez(flp, - ul(fk~,) O 44, 
and we see that the operator 24 does not appear. Hence its existence is not 
necessary and so the map 42 does not need to be onto. Cl 
Notice that the extreme case in which D2 = 0 also works (taking iJ:! = @I). 
In [5], Domanski proves the following interesting theorem that he uses to solve 
some questions posed by Wolfe in [ll]. Here we give a simple proof based on 
Theorem 3: 
Theorem 4 (Domanski). Let Kbe a space such that C(K) is a Px-space. For every 
closedsubset B c K, KA c B, there is a space Tsuch that TA is homeomorphic to B 
and C(T) is a Px,2-space. 
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Proof. Let $1 : D1 4 K and 42 : D2 -+ B be the Gleason maps for K and B re- 
spectively. By Lemma 2 there exists an extremally disconnected space S that 
contains DI and 02 as nowhere dense retracts. Theorem 3 applied to the maps 
4i : Di + K (with 42 not onto) gives that the space Tobtained from S by iden- 
tifying the points of D1 U D2 with the same image by the maps 4i is a Px+z-space 
with Amir boundary homeomorphic to B. 0 
Remarks. Domanski’s proof contains a method to construct PA-spaces, but it 
is not difficult to show that it can also be deduced from our Theorem 3. 
As an immediate consequence of Theorem 4 we have that every closed subset 
of an extremally disconnected space K is homeomorphic to the Amir boundary 
of a Pj-space S. 
In the following section we shall improve Theorem 4 by showing that if the 
subspace B is the whole space K we can obtain a PA+,-space instead of a 
Px+z-space. Therefore every extremally disconnected space is homeomorphic 
to the Amir boundary of a P2-space. 
4. IDENTIFYING THROUGH IRREDUCIBLE MAPS 
It is known (see [8], Lemma 4) that if 4 is a quotient map that identifies point- 
wise two disjoint closed subsets of a space having norm one extension opera- 
tors, then 4 has an averaging operator of norm 2, while Theorem 1 only gives 
the bound 3 for this norm. In this section we prove a result that generalizes this 
fact. The following proposition generalizes Theorem 2 of [3]. 
Proposition 5. Let 4 : S + T be an irreducible map and let P : C(S) + C(T) be 
the projection associated to an averaging operator for 4. Then the norm of the 
complementaryprojection is 11 Z - P )I = 11 P (1 - 1. 
Proof. Call X = 11 Z- P (1 and let t > 0. There exists a function f E C(S) such 
that )I f )I = 1 and )I f - P(f) 1) > X - e/2. Hence there exists a point p E S 
such that If(p) - P(f)(p)1 > X - t/2. Since the mapsf and (I - P)(f) are con- 
tinuous there exists an open neighborhood V of p such that for each point 
XE V 
IV - P)(f)(x) - (Z - P)(f)(P)1 < 42 and If(x) -f (PI < c/2. 
Thus we have: 
For each x E I’, If(x) - P(F)(x)1 > X - E. 
Foreachx, x’ E V, If(x) -f(k)1 <E. 
Call U = {t E T : d-‘(t) c V}. Since 4 is irreducible U is a non-empty open 
set. Let W = 4-‘(U). Then W is an open subset of S contained in I’. 
Take a point q E W. Changing f by -f if necessary we can suppose 
that f(q) - P(f)(q) > X - E. Moreover, for every point x E W we have 
If(x) -f (4)l < 6. 
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Let g be a continuous function on Tsuch that g(T) c [0, 11, g($(q)) = 1 and 
g( T \ U) = 0. Define F E C(S) as 
F(x) = (1 +f(q))g($(x)) -f(x), for each x E S. 
If x E &‘(T\ U), then g(b(x)) = 0, and so IF(x)\ = I -f(x)1 I llfll 5 1. If 
x E $-‘(.!.I), then, since 1 +f(x) 2 0, 
-1 I -f(x) 5 F(x) 5 1 +f(q) -f(x) < 1 + E. 
It follows that 1) F 11 5 1 + E. On the other hand, since P(g o 4) = go 4, for 
each x E S we have P(F)(x) = (1 +f(q))(g(b(x))) - P(f)(x), and in parti- 
cular P(f)(q) = 1 +f(q) - P(f)(q) > 1 + X - E. 
This proves that (1 P(F) (1 > 1 +A - E, and so 1) P(&) (1 > w, and 
II & 1) 5 1. Thus we have obtained that 11 P 1) > e for every E > 0, so that 
J/PI/ L 1 +Ai .e. 1) I - PII 5 )I PII - l.Th e opposite inequality is clear. 0 
Theorem 6. Let S be a space with two disjoint closed subsets D1 and 02 such that 
there exist irreducible maps 4i : Di -+ D onto a space D. Let T be the space ob- 
tained by identifying in S the points of DI U D2 with the same image under the 
maps &t. Let r$ : S + T be the quotient map. Suppose that there exist norm one 
linear extension operators Et : C(Di) 4 C(S) as well as averaging operators 
ui : C(Di) -+ C(D) for the maps +i, i = 1,2. Then there exists an averaging op- 
erator ufor @such that (I u I( < ( I( u1 )I + II 2.4 I/ )/2 + 1. 
Proof. In the general construction, we take for instances E UI and we see that 
PO(f)(s) = 
f(s) - El (c&f(s) - QPl (f ID, )(s) + (1 - o)f (s) - (1 - a)uz(f IrJMs))) 
=f(s) - EI(@ -pl)(f In,)(s) + (1 - o)f(s) - (1 - QI)u~(&J(~(~)). 
Now an easy computation gives 
IPn(f)(s)I I (o I( u1 II + (1 - o) II u2 )I + 2(1 - a)) Ilf 11. 
Ifs E U2 we obtain 
IPn(f)(s)I 5 ((a II u1 I[ + (1 - o) 11 u2 1) + 2a)) Ilf 11 . 
Taking (Y = l/2 we have in both cases that 
II wf) II 5 M II u1 II+ II f.42 (I 1+ 1) Ilf II ) 
andso I(f’~pIl <+(llulI( + IjwJl)+1. CI 
Remarks. It is easy to show that, in the proof of the previous theorem, the best 
bound for I( P, I( is obtained when a = l/2 if and only if I(( u1 II - 1) 242 I(1 < 2 
and for Q = 0,l otherwise, which gives the bounds in Theorem 3. In particular, 
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when both averaging operators have equal norm X, the norm of the constructed 
operator is A + 1. 
Theorem 7. Zf K is a PA-space, there exists a PX+I -space T whose Amir boundary 
is homeomorphic to K. 
Proof. Let $ : G + K be the Gleason map of K. By Lemma 2 there exists an 
extremally disconnected space S containing two disjoint nowhere dense re- 
tracts Di and 02 homeomorphic to G. Let $i : Di + K be the composition of 1c, 
with the homeomorphism between Di and G. Let #J : S + T be the map con- 
structed in Theorem 6. Since DI and 02 are nowhere dense, the map 4 is irre- 
ducible. The map II, has an averaging operator of norm < X and the same is 
valid for the maps &. Hence Theorem 6 implies that 4 has an averaging op- 
erator of norm X + 1 and so T is a Px+i-space. The Amir boundary of T is the 
set of plural points of c$, which is clearly homeomorphic to K. 0 
5. ITERATED CONSTRUCTIONS 
The methods described in the previous section can be applied succesively to 
obtain PA spaces for large exact values of X. We state a theorem for the case of 
identifying nowhere dense closed sets and remark some possible general- 
izations. In the proof we will need a theorem due to Ditor [4] which we state in 
an equivalent form that appears in ([2], Lemma 4). 
Let 4 : S + T be a continuous onto map. Define 01 = T and for each n let 
A,+, be the set of all points t E T such that there exist disjoint open subsets AI ~ ___ ~ ___ 
and A2 of Tsatisfying that t E Al rl A, f~ AZ f? A, and @‘(Al) f~ @*(AZ) = 0. 
Ditor’s theorem asserts that if the set A, is non-empty then every averaging 
operator for C#J has norm 2 n. 
Observe that if the space S is extremally disconnected, the set A,+, is simply 
the set of all points I E T such that there exist two disjoint open subsets Al and 
A2 of Tsatisfying that t E Al n A,, n A2 n A,, and so the sets A, do not depend 
on 4. 
Theorem 8. Let Tl be an extremally disconnected space and consider a sequence 
of spaces and maps 
41 42 
T, --f T2 --f . . . 2 T,_, % T,,. 
Suppose that each $i is the quotient map that ident$es pointwise two disjoint 
homeomorphic closed subsets Ai and Bi contained in 7;.. Let D1 = Tl and let Di+l 
be the common image of Ai and Bi in Ti+i. Suppose further that Ai and Bi are no- 
where dense subsets of Di. Zf there exist norm one extension operators from 
C(Ai U Bi) into C(Di), then the space T,, is an exact P,,-space. 
Proof. Let $i : Ti + T, be the composition of the maps 4i, , c+&. It is clear that 
each 4i is an irreducible map, and hence so is each $i. We see inductively that 
each $i]e, is irreducible and has an averaging operator with norm n - i + 1. 
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The map h&,_, is the quotient map that identifies the closed no- 
where dense sets A,_1 and &_I. The restrictions $+_llA,_, : A,_1 + D, and 
&-, lB,_, : Bn-l + D, are homeomorphisms, and hence irreducible, and they 
have norm one averaging operators. By Theorem 6 we have that $+_I ID,-, is 
irreducible and it has an averaging operator with norm 2. 
Suppose now that @i+ilD,+, is irreducible and has an averaging operator of 
norm n - i. Consider the maps h+:+1 ID, 0 &IA, : Ai + tii+l(Di+l), _h+llo, 0 $iIs, : 
& + $++I (Di+l>. 
Since 4i]A, : Ai + D;+l and 4ile, : Bi + Di+l are homoemorphisms, the pre- 
vious compositions are irreducible and have an averaging operator of norm 
n - i. Theorem 6 can be applied and thus we have that di]o, is irreducible and it 
has an averaging operator of norm n - i + 1. 
So we conclude that $1 : TI -+ T,, is irreducible and it has an averaging op- 
erator of norm n. Since T1 is extremally disconnected, +i is the Gleason map of 
T,,, and hence T, is an P,,-space. 
To prove the exactness we see that the Ditor set ni for the space Ti contains 
the set Di. This is obvious for i = 1. Assume that it holds for i. Let Gr and 
G2 be two disjoint open subsets of Ti such that Ai c Gi and Bi c G2. Let Hr = 
Gr \ Ai and H2 = G2 \ Bi. Since the map +i is irreducible, the sets Vi = 
{t E Ti+l :47’(t) C Hi} are nonempty, open and disjoint. Take a point p E Di+l . 
It has two preimages in Ti, say xi E Ai and ~2 E Bi. Since Ai and Bi have empty 
interior in Di, the point xj lies in the closure of Di n Hj for j = 1,2, and hence 
P E 4i(Di n Hj). 
But by the induction hypothesis the points of Di n Hj belong to the Ditor set 
A,, and taking into account that the restriction of 4; to the open set 
Ti \ (Ai U Bi) is a homeomorphism, as well as that the definition of the sets Ai is 
local, it is easily seen that the points of 4i(Di n Hi) belong to the Ditor set Ai for 
the space Ti+l. Hence we have that p E Ai n Vi n Ai n U2, i.e. p E A;+, . 0 
Remarks. (1) In [ll], Wolfe presents a particular case of this construction. He 
starts with an extremally disconnected space S with two disjoint nowhere dense 
subspaces homeomorphic to the whole space S having a norm one extension 
operator into C(S). So the set D2 obtained by the identification like above is 
homeomorphic to S and contains two new closed sets that can be identified to a 
set 03 and the process never ends. 
We remark however that, although Wolfe’s example is correct as we have 
seen, there is a gap in his proof, since he uses that the norm of the com- 
plementary projection of an averaging operator u equals to 11 u 11, while we have 
showed that it equals to (1 u )I - 1. If Wolfe’s proof were correct, Proposition 5 
would imply that all the spaces he constructs are PI-spaces, which is absurd. 
(2) If we analize the proof of Theorem 8 we see that in fact we do not need to 
identify two closed sets at each step. It suffices that the sets Ai and Bi have a 
common quotient Di+l in such a way that the quotient maps are irreducible and 
have a norm one averaging operator (in this case we use that the composition of 
maps with averaging operators has an averaging operator ([9], Prop. 4.4).) 
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We can also remove the hypothesis of irreducibility, but then we only obtain 
that the space T,, is a PA-space for some X 2 n. In this case we apply Theorem 3 
and hence one of the maps does not need to be onto. We can even have only one 
map (as in Corollary 2). 
6. ON THE REPRESENTATION OF &-SPACES 
In ([ll], Question 11) Wolfe asks if every Ps-space is the topological sum of two 
spaces of the following types: 
(A) Quotient spaces of extremally disconnected spaces obtained by identi- 
fying all the points of a nowhere dense closed subset on which there is an ex- 
tension operator of norm one. 
(B) The Stone-tech compactification of a disjoint union of a sequence of 
P,,,-spaces uch that X, < 3 and X, --) 3. 
We note that some of the examples of Ps-spaces that Wolfe presents in [ll] for 
other purposes provide a negative answer to this question. Domanski also 
solves this question in [5]. The results of this paper allow us to construct 
P3-spaces of the following types: 
Type 1. Spaces obtained from Theorem 1 when the space S is extremally 
disconnected and the subspaces Di are nowhere dense. 
Type 2. Spaces obtained from the following theorem (which can be obtained 
from our Theorem 3 taking D2 = 0.): 
Let S be an extremally disconnected space, let D be a closer nowhere dense 
subset of S such that there exists a norm one extension operator E : C(D) -+ C(S) 
and let r : D + R be a retraction. Then the space Tobtainedfrom S by identifying 
each point of R with itsfiber on D is a P3-space. 
Type 3. Spaces obtained from the following particular case of Theorem 8: 
Let S be an extremally disconnected space, let DI and 02 be two homeomorphic 
closed nowhere dense subsets of S such that there exist norm one extension op- 
erators Et : C(Di) 4 C(S), let S1 the space obtained by identlyying pointwise 
Dl and 02 to a set D and let Uland U, be two homeomorphic closed nowhere 
dense subsets of D such that there exist norm one extension operators 
E; : C(U;) --f C(D). Then the space Tobtainedfrom S1 by identifying pointwise 
the sets Ui is a Ps-space. 
These three types are essentially different, as the following examples show: 
(a) Spaces of type 2 in which R is a single point p are described in ([S], 
Lemma 3). If in addition the space D has no isolated points, then the space T is 
not of type 1, since the preimage of the Amir boundary of a space of type 1 has a 
clopen subset homeomorphic to the Amir boundary, and in this case it would 
be an isolated point. 
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(b) Conversely, there are spaces of type 1 that are not of type 2. To see this we 
observe that we can obtain spaces Tof type 2 satisfying that there exists an ex- 
tension operator from C(TA) into C(T) (by Prop. 3.1.1 in [ll]), while we can 
obtain spaces of type 1 without this property, for instance the example con- 
sidered after Lemma 2 (the existence of such an extension operator would im- 
ply the existence of an extension operator from C(@N \ N) into C(plN)), con- 
tradicting Philips Theorem. 
(c) Finally, as we have seen in the proof of Theorem 10, the Ditor set A3 is 
non empty for spaces of type 3, while it is easy to show examples of spaces of 
type 1 and 2 for which A3 = 0. 
We see that Wolfe’s type A is a particular case of our type 2 and on the other 
hand it is not difficult to prove that if we apply the construction in Wolfe’s type 
B to a sequence of spaces that are disjoint unions of spaces of types I,2 and 3, 
we get again a space of this form. So this method does not add new examples of 
P3-spaces. 
Next we note that with our methods we can easily construct examples of 
P3-spaces that are not of the type considered in Wolfe’s question. In order to do 
this we first observe an essential property of the spaces of Wolfe’s type B. 
Let { Tn} be a sequence of PA”-spaces with X, < 3. For each n let & : S,, + T, 
be the Gleason map. Let 4 : /tie, S,, 4 T = /3@, T,, be the Stone extension of 
the topological sum of the maps 4,,. Thus it is easily shown that 4 is irreducible, 
and hence it is the Gleason map of T. Since X, < 3, every point of each S,, has 
finite fiber for & ([8], Th.1). A simple topological argument shows that 
4(Sn) c T, and so the Amir boundary A, of each T,, is a clopen subset of the 
Amir boundary of T whose points have finite fiber for #. 
Thus we conclude that the Amir boundary T, of every space Tof Wolfe’s type B 
contains an injinite family of pairwise disjoint non empty clopen subsets (in TA) 
consisting of points with$nitefibers for the Gleason map. 
Now consider for instance S = PIN and take two disjoint copies ,9lN, and @I$ 
of /3lN contained in ,0lN \ IN. Divide lN1 = UnEN2 Ni, where the sets Nj are infinite 
and pairwise disjoint. Let 1c, : PINI -+ /3lN~ the Stone extension of the map given 
by $(NL) = n. Let T be the space of type 1 obtained from S and $. 
We have clearly that 4 is a homeomorphism from PIN2 onto the Amir 
boundary T, of i? So every clopen subset of TA contains points with infinite 
fibers for the Gleason map (which extends $). This proves that every clopen 
subset of T meeting T, is not of Wolfe’s type B. Hence if Twas of the type de- 
scribed in Wolfe’s question, it would be of type A, but this is impossible since 
our space has an infinite number of points with infinite fibers for the Gleason 
map. 
In the above argument we can take plN2 contained as a retract in @Nr \ lNr and 
so we get an example of space of type 2 that is not of the type considered by 
Wolfe. 
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